Bessel Functions

1 A Special Class of Equations

Consider

Sy 1 dy
(1+ Ry >dz+ (Py + Pyz™ )d

where, M is a positive integer. This equation is a special case of
d*y

Ly= R(e) 5+ - P(0)

dy

-t Q( )y =20

since R(z) =1+ Ryz™, P(z) = Py + Pyz™ and Q(x) = Qo + QuaM. Let

oo
T) = E apx™"
k=0

The Indicial Equation should be the same as before, i.e.,

f(s)=8"+(Ph—1)s+Qy=0
For k=1,2,3,---,

k
fls+k)ag + Zgi(s +k)ag—; =0

=1

But

gi(s) =Ri(s—i)(s—i—1)+ Pi(s—1i)+ Q;
fori=1,2,3,---. Thus,

gi(s) =0
fori=1,2,3,---, M —1,M +1,---, and

gu(s) # 0
When £ =1,
f(s+1Da +gi(s+1)ag=0 =a, =0
When £ = 2,
2
f(S‘l‘Q)QQ‘{‘Zgi(S—FQ)CLQ_Z’ =0 = a9 =0
i=1
Thus,

(Qo + Qua™M)y =



alzagz---:aM_le
However, when &k = M

M

f(s—l—M)aM%—Zgi(s—i—M)ak,i = f(s+ M)apn + gu(s+ M)ag =0

i=1

_ gu(s+ M)

an = f(s+ M) o

When k=M + 1,

fls+ M+ Daya + gu(s + M+ 1)ay = f(s+ M+ 1)an4 =0

ayy1 =0
Similarly,
a’M-‘rl :a’M-‘rQ — ... :a'2M—1 :O
When k£ = 2M,
f(s —+ 2M)a2M + gM(s + QM)CLM =0
S _gM(s+2M)a _ g (s +2M) g (s + M)
M fls+2M) M7 fls+2M) f(s+ M)
Thus,
UnM41 = Q42 = " = Qpy1)m—1 = 0
and
" __gM(s+nM+M)a
where n =0,1,2,---.
Therefore,
U(w) = 3 aupaH = 3 B
n=0 n=0

The exceptional cases will be
® S1 = Sy, OI

e 51 — s9 = nM, where n is a positive integer.
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2 A Summary of Bessel Functions

The Bessel function satisfy

Py | dy
P A @y =0

where p > 0.

e First Solution

e Second Solution

1. p # 0 and p is not an integer

= (- (/2"

Jop(x) =

Pt I'(k—p+1)k!
2.p=0
00 T 2k
it = 2 [(m ) i) — 1o B
where

v( Euler constant ) = lim [p(k) — Ink] = 0.57721566 - - -

k—o0

3. p = { = a positive integer

x 12 (0—k — 1)l(z)2)%
(w/2)2k+£}

%(—Wg [p(k) + @(k + 0)] W R)




3 Origins of Bessel Functions
Solutions of the differential equation

Py | dy
P T gy T Py =0

or

d dy 2 2\, _
%<xd—>+(:c —p)y=0

are known as Bessel functions of order p, where p is real and non-negative.

Since M = 2, the solution is of the following form:

)
— § :ka2k+s
k=0

After substituting this into equation (26), the resulting indicial equation yields:

S1=Pp So = —p

Thus, the exceptional cases occur only when
o 51 =35, =0,1e,p=0.
® 51— S9 =2p=2( ie., p={ = a positive integer.
We can nonetheless always obtain the first solution for s; = p:

, ( 1)k$2k+p
yi(z) =By |z +Zg2kk;|(1 +p)(2+p)---(k+Dp)

According to the definition of gamma function, this solution can be written as

BT 0 (_1>kx2k+p
— B,T(1
(@) = Bol'( +p>k22022k1“(k+p+1)k!

Cop = (—1)*(z/2)% P
=2 F(Hp)BO§ Tk +p+ DA

Here, let us define

S (/R
To(e) = kz:% T(k+p+ k!

and J,(z) is known as the Bessel function of the first kind, of order p.
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The second solution is presented in the sequel:

1.

If p # 0 and is not an integer, a second solution is obtained by replacing p by —p
in the first solution, i.e.,

o (FDF(f2)
Tl _Zofk p+ 1)k! (33)

Thus the complete solution of equation (26) is

y(z) = crdp(z) + cad () (34)

However, if p is an integer, it can be shown that

Jop(x) = (=1)"Jp(x)

Thus, J,(x) and J_,(z) are linearly independent in this situation.

.Ifp=0,ie., sy =5, =0, then

The result of this derivation is

y2(x) = By x)lnz — Z ( /'2>)2 ] (36)
where
L
p(k) =) -
Define

YO (z) = Jy(z) Inz — i ( /2)% (37)

N2
k=1 (k1)
Since equation (26) is linear, a linear combination of the above two solutions,

i.e., Jo(z) and YO (z), is still a solution of the original differential equation. An
alternative form of the second solution is thus more often used:

YO+ (v = n2) Jo(x)]



_ % [(m S+ 7) Jo(x) + ’; 1)1 %,2; (38)

where
~v = lim [p(k) — Ink] = 0.57721566490 - - -

k—oo

This standard particular solution is called Bessel function of the second kind of
order zero or Neumann function of order zero. This definition of the Bessel function
of the 2nd kind is more convenient to use and thus is usually preferred, because
of the fact that the behavior of the function Yy(x), for large value of z, is more
comparable with the behavior of Jy(z). Thus, the complete solution in this case is

y(x) = crdo(x) + c2Yo(2) (39)

3. p = { = a positive integer.

The result

{(mf ) _yie /<;—1)(:c/2)2H
2 2 £

1 0 (x/2)2k+€
—=Y (=D)¥[p(k k+0)] 41
3 20" [olh) +olb+ O (11)
Notice that the second solution is defined differently, depending on whether the
order p is an integer or not. To provide uniformity of formalism and numerical
tabulation. it is desirable to adopt a form of the second solution that is valid for
all values of the order. The standard second solution Y, (z) defined for all p is

1
sin pr

Yi(w) = lim ¥, (a)

Yp(z) =

[Jp(x) cos pr — J_p(2)]



Asymptotic Behaviors of Bessel Functions

Jo(0) =1
Ji1(0) = J(0)=---=0
Jo(00) = Ji(o0) =--- =0
Y5(0) = Y1(0) = Y5(0) = -+ = —o0
Yo(00) =Yi(00) =--- =0

Next, let y = u/+/x, then substitute it into equation (26) to obtain

2 2_14
d_u+(1_u)u:0

dz? x?
As z — o0,
2_1/4
1>>Z%
x
Thus,
d*u
1
Y~ ﬁ(Acosx+Bsinx)

It can be shown that, as * — oo,

where,
T
Op = (2]9 + 1)1
On the other hand, if p = 1/2, then equation (47) can be reduced to
d*u
ﬁ +u = 0

Thus, the complete solution is of the form

1

y=—=(Acosz + Bsinx)
T
The standard solutions are
J =4/ —
1/2(2) —sinz
(@) =)=
_1/9(x) =4/ —cosx
1/2 g

=~
w N

W
ot

/N N N N /N
IS =~
D e~
~— o
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4 Modified Bessel Functions

A slight variation of the standard Bessel equation (of order p) is the Bessel equation of
order p with parameter a:
d’y | dy
2 2.2 2
r'—+r—+ (a"z" — =0
gz T Py
This equation can be transformed into the standard form by substituting

t = oax
Thus,
Py dy
=2t t— + (2 —p*y =0
dt2+dt+( Py

The solution of this equation is

y = c1dp(t) + cod_,(t) = crJp(ax) + coJ_p(ax)

or

y = c1J,(t) + Y, (t) = c1J,(ax) + oY, (ax)

Next, let us consider

d’y  dy
$2@+$@—($2+P2)y=0 (56)

which is also an alternative form of the Bessel’s equation. If we substitute ¢ = iz into
this equation, the resulting equation is

d? dy

which is the same as the standard Bessel’s equation.

e If p is not zero or a positive integer, the general solution is

y(z) = c1Jp(ix) + cad_p(ix) (58)

e Otherwise,

y(z) = erJi(ix) + c2Ye(ix) (59)



In the above equations, it is necessary to use

_ - (—=1)* 2%k+p _ p - 1 L\ ok+p
Tyli _;F(ker—Fl)k:'( Ju = ;F(k+p+1)k!<§) (60)

Define

kz k:+p+1 2 D) =) (61)

where I,(z) is referred to as the modified Bessel function of the first kind of order p.
Thus, the complete solution for non-zero and non-integer p is

y(x) = Cl]p(x) + CQI—p(ﬁ) (62)

If p = ¢ = a non-negative integer, the second solution can be redefined as

Ky(z) = S T [Je(ix) + iYe(ix)] (63)

where K, () is referred to as the modified Bessel function of the second kind of order (.

Asymptotic Behavior of [,(z) and K,(z) as + — oo

Ip(x) ~ Nors (64)

Kylo) ~ e (65)
5 Properties of Bessel Functions

e For small values of z, i.e., as v — 0,

1 D

() P 1)” (66)

Ty~ fm ™ A D) (67)

V)~ 2O s0) (63)

Yo(z) ~ %mg: (69)
1 p

@)~ g 0 ()



K,y(z) ~ 227 (p— 1)la™? (p #0) (72)
Ko(z) ~ —Inz (73)

Notice that only J,(x) and I,(z) are finite at x = 0 for p > 0.

e Differential properties:

arPy,_1(ax) fory=JY, I

d
< [iyp(aa)] = (14)
—azPy,1(ax) fory=K

—ar Py,pi(ax) fory=J Y, K

d . _
o= [e P yp(ax)] = (75)
azr Py, (ax) fory=1

These formulas are established for J, and Y), by considering their series definitions,
and for the remaining functions by considering their definitions in terms of .J, and
Y.

From equation (74),

M _ Ozyp—l(Ozl’) - (p/x)yp(ozx) fory=JY, I -
w —ayp1(az) — (p/2)yp(ax) fory=K

From equation (75),

—ayp+1(ax) + (p/x)y,(ax) fory=J Y, K

d
L&(O‘@ = (77)
x
aypi1(az) + (p/)yp(ax)  fory=1
— For J and Y,
By adding equations (76) and (77) and then dividing the result by 2, one can
obtain
dy,(az)  «
WD) _ 2y, 1 (02) ~ s ()] (78)

By subtracting equation (77) from equation (76) and then dividing the result
by 2, one can obtain

o2 (0) + g2 (0) = Ly o) (79)
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— For I,

A 2 (1, s(00) + Dy ()] (50
Tys(0) — Tyur(or) = 21, fax) (s1)
— For K,
) 2 [y 1(00) + Kyppa(ao)] 2
Kyor(aw) = Kpa(o) = L K, (a) (33)
[Example]

Using the table of Jy and J; to integrate
2
I= / 3 Iy (7)dx
1

[Solution]

From (75) with p = 3 and o = 1 we obtain

r=1

/2 73 Iy () dr = —x_3(]3(x)’x:2
By (79) with p =2 and « :11 we have
Ti(x) + Jo(x) = %Jg(:r) = Jr) = %JQ(:);) (@)
Again by (79) with p =1 and a = 1,

Jo(x) + o) = %Jl@;) = h@) = 20 — Jofx)
Thus,

T 2

Jo(z) = % [ng(x) _ Jo(x)] () = (ﬁ _ 1) Ji(x) — %J()(x)
From Table A1,
Ti(2) = 05767 Jo(2) = 0.2239 = J5(2) = Ji(2) — 2Jo(2) = 0.1289
(1) = 04401;  Jo(1) = 0.7652 = Jy(1) = T (1) — 4Jo(1) = 0.0199

I=— Ejg(Q) - %Jg(l)] = 0.0038
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[Example]
Determine Js (x) and J_%(ZE)

[Solution)]

From (79), (54) and (55) and let p = 1/2 and o = 1, we get

1 2 i
Js(xz) = =J1 — J_1(x) =/ — (Smx —cosx)
2 T2 2 Tr \ T

From (79), (54) and (55), and let p = —1/2 and a = 1, we can obtain

2 /cosx
—Jy(0) = == (

T

1 .
J_%(x) :_EJ +smx>

1
2 i

6 Differential Equations Satisfied by Bessel Func-
tions

Given that the solution of

A’y dY

can be written in the form

c1p(X) +coJ_p(X) p#0and p# integer
Y = Z,(X) = (85)
c1dp(X) + Y, (X) p=0orp= integer

Let

ey Y

Note that

4 _dde 1 d
dX dvdX  f(z)dz
Substitution into equation (84) yields

d [1d [y d (y I y o
e e (3)] 2 () + 5= =0 o

In particular, if we select

12



flw) = ﬁ (59)
g(z) = 211792 exp [ g (90)
1 — a (91)

where a, b, ¢, d , r and s are constants. Then equation (87) can be transformed to

dy dy
2 r

The solution of this equation is

+ [e+da® —b(1 —a—r)2" + 62"y =0 (92)

where

1 [[1—a\’
= - —c
b S 2
Thus, if it is possible to identify a particular second order differential equation with

equation (92) by suitably choosing the constants a, b, ¢, d , r and s, the solution is
immediately given in terms of Bessel function of order p.

[Example] 2%y +xy + (V22?2 —pY)y=0 (A #0)
Sincea=1,b=0,c=—p* d= N2, r =7 and s = 1, then

Thus,
y = Zy(Ax)

[Example] 2%y" + 2y — (V222 +p?)y=0 (A #£0)

Sincea=1,b=0,c=—p? d= -\, r =r and s = 1, then

Thus,
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[Exercise] y" + 32°y = 0
Ans:

[Exercise] y” + 5z'y =0
Ans:
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